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We introduce topological phases of matter defined by non-trivial homotopy groups into the literature, the chi-
ral and helical topological skyrmion insulators, which generalize and extend the concepts of the Chern insulator
and quantum spin Hall insulator, respectively. Chiral and helical topological skyrmion insulator phases also pos-
sessing particle-hole symmetry may be re-interpreted as superconducting phases, and we find that both phases
are realized in tight-binding models for spin-triplet superconductivity in transition metal oxide compounds, with
requirements for realizing these and related phases widespread. The chiral topological skyrmion superconduc-
tor phase is furthermore realized for a parameter set characterizing Sr2RuO4 with spin-triplet superconductivity.
As well, one kind of topological phase transition by which the skyrmion number can change occurs without the
closing of energy gaps in a system described by a quadratic Hamiltonian, which has important consequences
very broadly for study of topological phases of matter.
Introduction - The search for topologically non-trivial
phases of matter is now a vast and influential topic in con-
densed matter physics. One of the most important concepts
in this research domain is that of the Chern insulator1, a two-
dimensional topologically non-trivial phase of matter central
to the construction of many others, from the quantum spin
Hall insulator2–6 and the Weyl semimetal7–13, to topological
crystalline phases of matter14–19, to topological phases in non-
electronic systems20–23 and systems out of equilibrium, such
as the Floquet topological phases24–33, and dissipative sys-
tems, such as the non-Hermitian topological phases34–40.
In this work, we identify and characterize a foundational
generalization and counterpart of the Chern insulator, starting
from the following concept: the simplest models for Chern in-
sulators are one-electron Hamiltonians with 2N × 2N matrix
representations and N = 1. The topology of the Chern in-
sulator is characterized by the first Chern number, computed
for the single occupied band when N = 1. This topologi-
cal invariant is also, in this situation, the skyrmion number,
the topological charge of the momentum space ground state
spin texture (or pseudospin texture depending on the degree
of freedom in the model).
For N > 1, however, this equivalence between the Chern
number and the skyrmion number breaks down. For N > 1,
Chern insulators are characterized by a total Chern number C
of the occupied bands, computed as the sum of the first Chern
numbers of individual occupied bands. The skyrmion num-
ber Q, in contrast, is a global topological invariant41 and an
example of a topological invariant classifying topologically-
distinct maps from the Brillouin zone d-dimensional torus T d
to a space M , corresponding to non-trivial homotopy group
pid(M) 6= 0. Thus, while the Chern number and the skyrmion
number are locked together for N = 1, the skyrmion number
characterizes topological phases of matter distinct from the
Chern insulator for N > 1 that we introduce in this work.
As the topology of these phases of matter is characterized
by homotopy invariants, so we denote these two-dimensional
phases of matter by homotopic topological phases of matter.
We present results on two symmetry-protected homotopic
topological phases of matter. First, we introduce two-
dimensional chiral homotopic topological insulators char-
acterized by the skyrmion number, or chiral topological
skyrmion insulators (CTSIs). Second, we present results
on two-dimensional helical homotopic topological insulators
characterized by a pair of skyrmion numbers, or helical topo-
logical skyrmion insulators (HTSIs). While we focus on such
topological phases in electronic systems, this work serves as a
starting point in searching for analogous homotopic topolog-
ical phases of matter in Floquet, non-Hermitian, mechanical,
excitonic and many other kinds of topological systems.
The CTSI and HTSI can be realized in models that may
also be interpreted as describing superconductors, by inter-
preting an off-diagonal block in the matrix representation of
the Hamiltonian as a superconducting gap function (and that
Hamiltonian as a Bogoliubov de Gennes Hamiltonian). In
the context of superconductors, we re-interpret the CTSI and
HTSI as the chiral and helical topological skyrmion super-
conductor phases (CTSS and HTSS), respectively. Here, we
find evidence that both the CTSS and HTSS phases are real-
ized in a model previously used to describe the superconduc-
tor Sr2RuO4 in the high-field phase, and that Sr2RuO4 with
spin-triplet superconductivity42,43 specifically is a candidate
for the CTSS phase. The CTSS phase identified in the model
presented here typically breaks time-reversal symmetry as ex-
pected for a phase characterized a single skyrmion number,
but can occur with time-reversal invariance in this context in
which skyrmion numbers are computed for individual mirror
subsectors, which facilitates experimental realization by re-
moving the need for exotic magnetic order. The HTSS, in the
physical context we discuss, breaks time-reversal symmetry,
but this phase is more typically expected in a time-reversal
symmetric system in principle, which would also improve
chances of experimental realization.
In this work, we first discuss topological classification and
the invariant for the chiral topological skyrmion phases. We
then present a general construction of the HTSS in a system
with the generalized particle-hole symmetry C′ and a mir-
ror symmetry, before presenting results on realization of the
CTSS and HTSS in a tight-binding model for superconduct-
ing Sr2RuO4 and discussion of phase transitions by which the
skyrmion number can change.
Results
Topological classification of the CTSI - Achieving
pid(M) 6= 0 for N > 1 is a largely unexplored topic.
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2Past work, however, has considered the role of a general-
ized particle-hole symmetry C′ in realizing Hamiltonians cor-
responding to pi3(Sp(2N)/U(N)) and pi4(Sp(2N)/U(N)),
realizing counterparts of the Hopf insulator44 in abstract mod-
els for simple cases. This C′ operator, being the product of
particle-hole operator C and spatial inversion operator I, sug-
gests a natural place to look for more physically-relevant real-
izations of these phases is in superconducting systems, whose
superconducting gap may be re-interpreted as the bulk gap
of an insulator. Hamiltonians with generalized particle-hole
symmetry C′ acting on a two-dimensional Brillouin zone yield
homotopy group pi2(Sp(2N)/U(N)) = Z44. This implies
Hamiltonians with two-dimensional Brillouin zones and C′
symmetry have Z topological classification characterized by
a homotopy invariant. Further details on the topological clas-
sification may be found in the Methods, Section I.
Topological invariant of the CTSI and CTSS - C′ symme-
try restricts the eigenvectors of the Hamiltonian to elements
g = diag (U1(k), U2(k)), with additional constraints on U2
relating it to U1 that guarantee the existence of a three-vector
with which the homotopy invariant may be computed. For a
three-dimensional Brillouin zone in certain simplified cases,
this homotopy invariant is the topological charge of a three-
dimensional skyrmion in the momentum-space ground state
spin or pseudospin texture44,45. For a two-dimensional Bril-
louin zone as we consider, the homotopy invariant of the CTSI
(and CTSS in appropriate physical contexts) is the skyrmion
number Q of the momentum-space ground state spin or pseu-
dospin texture46, discussed further in the Methods, Section II.
Construction of the HTSS - In this work, we study the
CTSI phase of matter, characterized by a single non-trivial
skyrmion number, Q 6= 0. We can also construct a second
topological phase of matter, the HTSI, which consists of a pair
of decoupled CTSIs, one with skyrmion number Q 6= 0 and
the other with skyrmion number −Q.
One way to effectively construct the HTSI is as follows: we
can reinterpret models for the HTSI which possess particle-
hole symmetry and spatial inversion symmetry I, which
means the system also has C′ symmetry, as describing super-
conductors. Physically, this system can then realize the HTSS
phase. If the superconductor also possesses normal state mir-
ror symmetryM and superconducting gap function odd under
this mirror operation, the superconductor may be divided into
two mirror subsectors, which each inherit C symmetry43. We
report here that these mirror subsectors of the superconduc-
tor also inherit C′ symmetry under these conditions if the full
Hamiltonian possesses C′ symmetry. Details on this construc-
tion are discussed in the Methods, Section III.
Realization of the CTSS and HTSS in a tight-binding
model for Sr2RuO4 with spin-triplet superconductivity
- We consider a two-dimensional tight-binding model for
Sr2RuO4 with spin-triplet superconductivity on the square lat-
tice42 also previously used to study topological crystalline su-
perconductivity in this system43. This model describes con-
duction electrons of the 4d t2g orbitals of Ru, dyz , dxz , and
dxy in the presence of atomic spin-orbit coupling and spin-
triplet pairing. Further details on the tight-binding model
for superconducting Sr2RuO4 are discussed in the Methods,
Section IV. In the presence of an applied Zeeman field of
strength Hz along the zˆ-axis of Sr2RuO4 (equivalent to the
cˆ-axis in some works), the model for the superconductor pos-
sesses particle-hole symmetry C. We report here that it also
possesses the generalized particle-hole symmetry C′ required
for non-trivial homotopy group pi2(Sp(2N)/U(N)) = Z. As
well, the gap function is odd under the normal state mirror op-
erationMxy taking z to −z in the high-field phase regardless
of d-vector, meaning C′ is inherited by each counterpart mir-
ror subsector of the superconducting state, corresponding to
mirror operator M˜−xy defined in the Methods, Section III. In
contrast, the low-field phase gap function is even underMxy ,
and the M˜+xy subsectors do not inherit C′ symmetry. Thus,
the high-field phase of superconducting Sr2RuO4 with spin-
triplet pairing satisfies symmetry requirements for the CTSS
phase, by having skyrmion number Q 6= 0 in one mirror sub-
sector and Q = 0 in the other mirror subsector, as well as for
the HTSS phase, by having Q 6= 0 in one mirror subsector
and −Q 6= 0 in the other mirror subsector.
Numerical results - We compute the mirror Chern number
and the skyrmion number for each M˜−xy subsector, or mir-
ror skyrmion number (discussed further in the Methods, Sec-
tion III), of the Sr2RuO4 model with spin-triplet supercon-
ductivity as a function of spin-orbit coupling λ and Zeeman
coupling expressed as µBHz , while keeping other model pa-
rameters fixed to those used to model Sr2RuO4 specifically in
past work43: t1 = t2 = 0.5, t3 = 0.2, t4 = 0.1, µ = −0.2,
µ′ = −0.2, and ∆` = 0.6 for each value of ` (yz, xz, and
xy).
The total mirror Chern number for H˜1(k) and the total
mirror Chern number for H˜2(k) as defined in Ueno et al.43
are shown in Fig. 1 (a) and (b), respectively, computed as
functions of spin-orbit coupling constant λ and applied Zee-
man field µBHz . These are to be compared with the mirror
skyrmion number of H˜1(k) and the mirror skyrmion number
of H˜2(k), computed using spin operators S˜1 and S˜2 (defined
in the Methods, Section V), respectively, as functions of spin-
orbit coupling constant λ and applied Zeeman field µBHz
shown in Fig. 1 (c) and (d).
Mirror skyrmion numbers computed using these spin op-
erators show quantization to integer values throughout large
regions of the phase diagrams. Skyrmion numbers computed
using the orbital angular momentum operator (defined in the
Methods, Section V) are unquantized and trivial, in constrast.
There are some regions where the skyrmion number smoothly
transitions from one integer value to another, which will be
discussed in greater detail in the next section along with two
distinct topological phase transitions by which the skyrmion
number changes discretely from one integer value to another.
Noise in the skyrmion number phase diagrams is due to ex-
treme features in the skyrmion number integrand Ωk that can
occur over very small regions of momentum-space, necessi-
tating a very fine k-mesh using known methods.
For a given mirror subsector, Q differs in value from C
and Q can be non-zero when C is zero and vice versa. Q
for H˜1(2)(k) can be non-zero when Q for H˜2(1)(k) is zero,
corresponding to the CTSS phase. Importantly, the CTSS
phase occurs even for zero magnetic field, when the system is
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FIG. 1. Topological phase diagrams for Sr2RuO4: Mirror Chern
number C computed as a function of spin-orbit coupling λ and ap-
plied Zeeman field µBHz with step ∆ki = pi150 in momentum-space
(i ∈ {x, y}) for H˜1(k) in subfigure (a) and for H˜2(k) in subpanel
(b), respectively. Mirror skyrmion number Q computed as a func-
tion of spin-orbit coupling λ and applied Zeeman field µBHz with
step ∆ki = pi500 in momentum-space (i ∈ {x, y}) for H˜1(k) in sub-
panel (c) and for H˜2(k) in subpanel (d), respectively. The parameter
set corresponding to Sr2RuO4 is highlighted by the white dot. The
three red dots in subfigure (c) show the positions in coordinate space
used to compute the momentum space ground state spin textures in
Fig. 2, with Fig. 2 (a) and (d) corresponding to point α, Fig. 2 (b) and
(e) corresponding to point β, and Fig. 2 (c) and (f) corresponding to
point κ, respectively. The dashed outline in (c) highlights the region
of the phase diagram in which the HTSS phase of matter is realized.
The black arrow above point β shows the location of the cut shown
in Fig. 3. The black and white dashed line in (a) highlights part of
a longer boundary at which the superconducting gap closes. Other
model parameters are fixed to those used to model Sr2RuO4 specifi-
cally in past work43: t1 = t2 = 0.5, t3 = 0.2, t4 = 0.1, µ = −0.2,
µ′ = −0.2, and ∆` = 0.6 for each value of ` (yz, xz, and xy).
time-reversal invariant. This CTSS phase of matter occurs for
model parameters previously used to model Sr2RuO4 specif-
ically (λ = 0.3 and µBHz = 0.1 as used in past work43),
indicating Sr2RuO4 is a candidate for the CTSS phase of mat-
ter. In the case of Sr2RuO4, the mirror Chern numbers are
also non-zero, indicative of two distinct topologically non-
trivial phases co-existing. The potential for interaction be-
tween these two distinct forms of non-trivial topology is an
interesting direction for future work.
In the region of the phase diagram highlighted by a dashed
line in Fig. 1 (c), Q for H˜1(k) is quantized to +2 while Q for
H˜2(k) is quantized to −2. This is the HTSS phase. While
time-reversal symmetry is broken in this region of the phase
diagram, this phase is analogous to the quantum spin Hall in-
sulator phase constructed as two Chern insulators, one with
Chern number C > 0 and the other with Chern number −C.
Nature of the phase transitions - We observe at least three
kinds of phase transitions, two of which correspond to ef-
fectively discrete changes in the skyrmion number according
ky
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d)
<latexit sha1_base64="jnKWbtXu/N41iV8FJubrUs7hi/M=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRVUD wVvHisYj+gDWWz2bRLN5uwOxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzglQKg6777aysrq1vbBa2its7u3v7pYPDpkkyzXiDJTLR7YAaLoXiDRQoeTvVnMaB5K1geDv1W09cG5GoRxyl3I9pX4lIMIpWegjPe6WyW3FnIMvEy0kZctR7p a9umLAs5gqZpMZ0PDdFf0w1Cib5pNjNDE8pG9I+71iqaMyNP55dOiGnVglJlGhbCslM/T0xprExoziwnTHFgVn0puJ/XifD6NofC5VmyBWbL4oySTAh07dJKDRnKEeWUKaFvZWwAdWUoQ2naEPwFl9eJs1qxbuoVO8vy7WbPI4CHMMJnIEHV 1CDO6hDAxhE8Ayv8OYMnRfn3fmYt644+cwR/IHz+QMqSo0X</latexit>
e)
<latexit sha1_base64="cKangbSwX7srnFj1WbkyqjbkMWY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopS RVUDwVvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD3jeK5XdijsDWS ZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpFmteBeV6 v1luXaTx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwArz40Y</latexit>
f)
<latexit sha1_base64="ryZPIhBgwATheC61gHvhwdAhyPg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRVU DwVvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWegjPe6WyW3FnIMvEy0kZct R7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G3SF5ozlGNLKNPC3krYkGrK0IZTtCF4iy8vk2a14l1UqveX5dpNHkcBjuEE zsCDK6jBHdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AEtVI0Z</latexit>
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⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit> ⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
0
0
⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit> ⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePC ji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTX vsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
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⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit> ⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
0
0
⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePC ji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTX vsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit> ⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/ kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAV xMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
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⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePC ji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTX vsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>
-⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePC ji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTX vsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit> ⇡
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FIG. 2. Spin textures in the Brillouin zone for topologically
non-trivial regions of the phase diagrams: Expectation values of
the spin operators in the xˆ- and yˆ-directions for H˜1(k) , 〈Sˆ1,x〉 and
〈Sˆ1,y〉, respectively, plotted as a function of k and renormalized to
avoid overlap of the vectors as shown in (a), (b), and (c) and the
expectation value of the spin operator in the zˆ-direction for H˜1(k),
〈Sˆ1,z〉 is plotted as a function of k and shown in (d), (e), and (f),
with (a) and (d) computed for λ = 0.15 and µBHz = 0.1 and cor-
responding to point α in Fig. 1 (c), (b) and (e) computed for λ = 0.3
and µBHz = −0.6 and corresponding to point β in Fig. 1 (c), and
(c) and (f) computed for λ = 0.6 and µBHz = 0.5 and correspond-
ing to point κ in Fig. 1 (c).
to the numerics and one during which the skyrmion number
smoothly changes from one integer value to another. To better
understand these phase transitions, we first study the momen-
tum space ground state spin textures at points α, β and κ in
Fig. 1 (c), shown in Fig. 2. We find individual skyrmions with
|Q| > 1 occur at α and β as shown in Fig. 2 (a) and (d) for
α and (b) and (e) for β, respectively. The momentum space
ground state spin texture at point κ, shown in Fig. 2 (c) and
(f) instead consists of two features that gradually merge as Q
transitions from 2 to 0 for λ = 0.6 and increasing µBHz . This
indicates that topological phase transitions occur only for cer-
tain kinds of skyrmionic spin textures in the momentum-space
Brillouin zone.
The first two kinds of phase transitions are also distinct
from one another. In one kind, the skyrmion number can
change with the closing of the superconducting gap, such
as along the boundary partially highlighted by the black and
white dashed line in Fig. 1 (a), which is expected to destabilize
calculation of the spin operator, similar to destabilization of
the Chern number calculation for individual electronic bands
when the direct gap between them goes to zero at some point
in the Brillouin zone. In the second kind, shown in Fig. 3
(a), neither the direct gaps between occupied bands nor the
superconducting gap close, as shown in Fig. 3 (b). While a
topological phase transition without the closing of the two-
dimensional bulk gap is observed for the electric quadrupole
insulator18, it occurs with a closing of the one-dimensional
bulk gap. Here, slab calculations show the one-dimensional
bulk is gapless throughout the region containing sub-regions
with non-trivial skyrmion numbers, either for topologically
non-trivial (non-zero Mirror Chern numbers) or trivial rea-
sons. Thus, this type of phase transition occurs without clos-
4ing of any energy gap.
For this type of topological phase transition, the mirror
skyrmion number is destabilized by other changes in the case
highlighted by the black arrow in Fig. 1 (c): the integrand of
the mirror skyrmion number Ωk during this phase transition
changes at two points in the Brillouin zone related by symme-
try, highlighted by white arrows in Fig. 4 (a) and (b) for two
values of the applied Zeeman field µBHz between which the
change is very noticeable. The normalized spin texture in the
vicinity of this point in the Brillouin zone is shown for the pa-
rameter set corresponding to Fig. 4 (a), revealing singularities
in the derivative of the normalized ground state spin expecta-
tion value develop during the phase transition that destabilize
the mirror skyrmion number and permit a discrete change in
its value.
Since some topological phase transitions can occur in this
system without the closing of direct gaps, bulk-boundary cor-
respondence does not necessarily hold for these topologically
non-trivial phases. Thus, we do not expect gapless bound-
ary states even for boundaries respecting C′ symmetry. One
possible exception is when a region containing a homotopic
topological phase may only be reached by topological phase
transitions in which the superconducting gap closes.
Such a phase transition in an effectively non-interacting
system has important consequences as many results for topo-
logical phases work assuming such phase transitions do not
occur. For instance, the entanglement spectrum47–49 and Wil-
son loops50 for a Hamiltonian rely on being able to adia-
batically deform that Hamiltonian to a flat-band limit that
we know is topologically equivalent to the original Hamilto-
nian. The flat-band limit counterpart of the Hamiltonian is
only guaranteed to be topologically-equivalent to the origi-
nal if topological phase transitions only occur with closing of
an energy gap. This further suggests that characterization of
topological phases with the entanglement spectrum and Wil-
son loops must be done with care: if the system is topologi-
cally non-trivial in whole or in part due to topology that can
emerge via topological phase transitions without gap closings,
the topology characterized by entanglement spectra or Wilson
loops may no longer correspond to the topology of the original
system.
We further note that, while a gap closing is normally ex-
pected with a change in skyrmion number in two-band mod-
els (N = 1), this situation is different from N > 1: there
are multiple expressions for the skyrmion number when it is
locked to the Chern number, which better reveal why a gap
closing is needed to destabilize the calculation in this special
case. The integrand of this skyrmion number for N > 1 does
not take such forms, to our knowledge.
Applications to Sr2RuO4 and other superconductors
- Recent Knight shift experiments have further called
into question the nature of the superconducting pairing in
Sr2RuO451,52, but spin-triplet pairing in Sr2RuO4 remains a
very strong possibility53. While the parameter set used here
for Sr2RuO4 in the high-field phase is established by previous
works, the topology realized for other d vectors and further
characterization of the parameter values relevant to Sr2RuO4
should be explored.
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FIG. 3. Topological phase transition without closing of energy
gaps: (a) Mirror skyrmion number Q for H˜1(k) computed as a
function of applied Zeeman field µBHz for fixed spin-orbit coupling
value λ = 0.3 along the cut shown in Fig. 1 (c) with step ∆ki = pi300 ,
with i ∈ {x, y}. (b) The minimum direct gap between the two lowest
bands, d1−0, the minimum direct gap between the second two low-
est bands, d2−1, and the minimum direct gap between the two mid-
dle bands and minimum direct superconducting gap, dSC of H˜1(k),
each computed as a function of applied Zeeman field µBHz for fixed
spin-orbit coupling value λ = 0.3 along the cut shown in Fig. 1 (c)
with step ∆ki = pi300 , with i ∈ {x, y}.
The HTSS phase, while occurring for a value of the spin-
orbit coupling constant λ relevant to Sr2RuO4, occurs for
strong Zeeman fields at which the parameter ∆ of the super-
conducting gap function is expected to be zero in experiments.
This work instead primarily serves as the introduction of this
phase and its realization in a physically-relevant model, al-
though the phase does persist to smaller superconducting pair-
ing strength ∆.
Given that C′ is the product of particle-hole symmetry C and
spatial inversion I, C′ symmetry is expected to be widespread.
This work also serves as further motivation and guidance
in the search for counterpart higher-dimensional homotopic
topological phases and homotopic topology characterized by
other homotopy groups that could occur in Mott insulators or
other systems with magnetic order.
Bulk-boundary correspondence does not hold for these
topological phases, so experiments measuring tunneling con-
ductance at a sample boundary are not expected to be relevant
even for boundaries respecting C′ symmetry. However, past
work shows defects can be used to realize mappings corre-
sponding to non-trivial homotopy groups capable of trapping
unpaired Majorana zero-modes54. Thus, these homotopic
topological phases should be investigated for their potential
to realize unpaired Majorana zero-modes, as well as for real-
izing such modes by different mechanisms. As well, inelastic
neutron scattering may reveal signatures of the momentum-
space skyrmions defining these topological phases.
Discussion - In conclusion, we introduce a generalization
of the Chern insulator for one-electron Hamiltonians with
2N × 2N matrix representations and N > 1, the chiral topo-
logical skyrmion insulator (CTSI), and a generalization of the
quantum spin Hall insulator, the helical topological skyrmion
insulator (HTSI). These topological phases of matter are
protected by a generalized particle-hole symmetry C′ corre-
sponding to non-trivial homotopy group pi2(Sp(2N)/U(N)).
They are characterized by a global topological invariant, the
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FIG. 4. Changes in Brillouin zone spin texture during topologi-
cal phase transition without energy gap closings: Integrand of the
mirror skyrmion number Q, Ωk, as a function of momenta kx and
ky in the Brillouin zone for spin-orbit coupling constant λ = 0.3
and applied Zeeman field coupling µBHz = −0.5 shown in (a) and
µBHz = −0.495 shown in (b), respectively, two points in the phase
diagram along the cut represented by a black arrow in Fig. 1 (c) and
further analyzed in Fig. 3. Two small white arrows in each of (a) and
(b) highlight the features (related by symmetry) in Ωk that change
during the topological phase transition. For µBHz = −0.5 and
λ = 0.3 corresponding to (a), (c) shows the ground state expecta-
tion value of the component of the spin operator in the zˆ-direction,
〈Sˆ1,z〉 and (d) shows the corresponding expectation values of the
components of the spin operator in the xˆ- and yˆ-directions, 〈Sˆ1,x〉
and 〈Sˆ1,y〉, renormalized to prevent overlap of the vectors.
skyrmion number, Q. For N = 1, the skyrmion number is
equivalent to the Chern number, meaning these topological
phases of matter distinct from the Chern insulator only exist
for N > 1.
We find both phases are realized in an established tight-
binding model describing spin-triplet superconductivity in
Sr2RuO4, in this context denoted by chiral topological
skyrmion superconductor (CTSS) and helical topological
skyrmion superconductor (HTSS), respectively. The CTSS
phase is furthermore realized for a parameter set previously
established for Sr2RuO4 in the high-field phase, indicating
Sr2RuO4 may harbour homotopic topological physics in ad-
dition to topological crystalline superconductivity. Three dif-
ferent kinds of phase transitions are observed by which the
skyrmion number changes, two of which are discrete and
topological, and one which is smooth, differentiated by the
structure of the momentum space ground state spin texture in
the non-trivial phase. Topological phase transitions can also
occur with or without closing of direct gaps in this system
modeled by a quadratic Hamiltonian, with important impli-
cations in study of topological physics very generally. When
the skyrmion number changes without a closing of direct gaps
involving occupied states, it is instead destabilized by singu-
larities in the derivative of the normalized ground state spin
expectation value at some points in momentum-space.
The construction of these homotopic topological phases
of matter, reliant on a mirror symmetry and a generalized
particle-hole symmetry, suggests the promise of engineering
of topological phases of matter by considering different ways
in which symmetries might be utilized together. As well, these
results indicate additional care should be taken in characteriz-
ing topologically non-trivial phases of matter using the entan-
glement spectrum and Wilson loops, and motivate the search
for additional theoretical and experimental tools for probing
non-trivial topology. More generally, greater investigation of
the consequences of this homotopic topological physics is also
needed.
The possible realization of this non-trivial topology in
Sr2RuO4, an intensely-studied superconductor, further mo-
tivates review of past results on the material, as well as in-
vestigation of other superconductors as hosts to this physics
given that the C′ symmetry is likely commonplace. Inelas-
tic neutron scattering experiments are promising for probing
these phases, which exhibit topological magnetic order but for
which the bulk-boundary correspondence does not apply. The
potential for these topological phases to realize unpaired Ma-
jorana zero-modes by novel avenues, and potentially in what
are seen as topologically trivial superconductors, is also an
important direction for future work54. Analogous physics is
also expected and should be sought in driven and dissipative
systems as well as systems that are not electronic or not purely
electronic.
Methods
I. Topological classification of the CTSI - We first review
and extend work by Xu and co-authors44 to show a generalized
particle-hole symmetry C′ is desired for realization of the ho-
motopy group pi2(Sp(2N)/U(N)). From work by Bott55, we
have the following relation between homotopy groups, where
Sp is the symplectic group and U is the unitary group,
pik(Sp/U) = pik+1(Sp). (1)
Xu and co-authors44 use this relation in combination with
work on the homotopy groups of symplectic groups56 to de-
termine the topological classification of the set of Hamiltoni-
ans they present, with homotopy group pi3(Sp(2N)/U(N)),
to be Z2 for N > 1. They also briefly consider
pi4(Sp(2N)/U(N)).
To understand whether the generalized particle-hole sym-
metry C′ is desired in the case of a two-dimensional Brillouin
zone for Hamiltonians to be topologically-classified by homo-
topy group pi2(Sp(2N)/U(N)), we consider a Hamiltonian
H(k) possessing C′ symmetry. H(k) therefore satisfies
J−1H(k)J = −H∗(k) (2)
for each k, with J =
(
0 IN×N
−IN×N 0
)
, where IN×N is the
N × N identity matrix. This constraint on the Hamiltonian
for each k restricts the set of Hamiltonians permitted to the
symplectic group, Sp, and also forces the number of bands of
the Hamiltonian to be even.
A generic element that does not move IN×N is g =
diag (U1(k), U2(k)), where U1(k), U2(k) ∈ U(N). For g
to be in Sp(2N), it must satisfy
6(
U1 0
0 U2
)
J
(
U1 0
0 U2
)T
= J . (3)
For this expression to hold, U1U
T
2 = I , where I is the iden-
tity matrix. This corresponds to the configuration space of the
Hamiltonian being Sp(2N)/U(N). Xu’s discussion44 holds
whether we consider a three-dimensional Brillouin zone or
a two-dimensional one. Thus, we expect Hamiltonians with
two-dimensional Brillouin zones and C′ symmetry to have Z
topological classification characterized by a global homotopy
invariant.
II. Topological invariant of the CTSI - The constraints
on g due to C′ symmetry mean U1 and U2 are furthermore
restricted to SU(N), guaranteeing the existence of a three-
vector with which the homotopy invariant may be computed.
For a three-dimensional Brillouin zone in certain simplified
cases, this homotopy invariant is the topological charge of
a three-dimensional skyrmion44,45. For a two-dimensional
Brillouin zone as we consider, the homotopy invariant is the
skyrmion number Q of the momentum-space ground state
spin or pseudospin texture46, expressed as an integral over the
two-dimensional Brillouin zone,
Q = 1
4pi
∫
BZ
ΩSˆ(k)d
2k, (4)
where ΩSˆ(k) = Sˆ(k) ·
(
∂kxSˆ(k)× ∂ky Sˆ(k)
)
is expressed
in terms of the normalized ground state spin expectation value
Sˆ(k) = S(k)/|S(k)|.
III. Construction of the HTSS - First, we consider a
schematic model for a two-dimensional superconductor in the
x − y-plane with Bogoliubov-de Gennes (BdG) Hamiltonian
as in Ueno et al. 43, expressed as
H =
∑
k
Ψ†kH(k)Ψk/2, (5)
where
H(k) =
( E(k) ∆(k)
∆†(k) −ET (−k)
)
(6)
and Ψk =
(
cks`, c
†
−ks`
)t
. Here, cks` is the annihilation oper-
ator of electrons with momentum k = (kx, ky), spin angular
momentum degree of freedom s ∈ {↑, ↓}, and orbital angu-
lar momentum degree of freedom ` ∈ {1, ..., N}. E(k) is the
Hamiltonian of the normal state, and ∆(k) is the gap function
of the superconductor.
We consider a normal state with a mirror symmetry, cor-
responding to E(k) satisfying the relationMxyE(k)M†xy =
E(k), where Mxy is the matrix representation of the mirror
operation taking z → −z.
The superconducting state possesses a corresponding mir-
ror symmetry as well if the gap function ∆(k) satisfies
Mxy∆(k)M†xy = ±∆(k). The matrix Hamiltonian H(k)
of the superconducting state then satisfies
M˜±xyH(k)
(
M˜±xy
)†
= H(k), (7)
where
M˜±xy =
(Mxy 0
0 ±M∗xy
)
, (8)
and M˜±xy is the generalized mirror operator of the super-
conductor corresponding to the normal state mirror operator
Mxy . Since H(k) commutes with M˜±xy , H(k) is block-
diagonal in the basis in which M˜±xy is diagonal, with each
block possessing a definite eigenvalue of M˜±xy .
We now show that, with an additional constraint on the gap
function, individual mirror subsectors of the superconducting
state inherit C′ symmetry when the full Hamiltonian possesses
C′ symmetry. Let the full Hamiltonian H(k) also possess a
mirror symmetry denoted by M˜±xy . For now, we will suppress
the ± and write M˜xy . A mirror subsector of M˜xy possesses
C′ symmetry if and only if a state |u(k)〉 and its C′ conjugate
|u∗(k)〉 each have M˜xy eigenvalue λ.
Therefore, we have
M˜xy|u(k)〉 = λ|u(k)〉 (9)
and may write
M˜xy|u(k)〉 = M˜xyC′|u∗(k)〉
= λC′|u∗(k)〉
= C′λ|u∗(k)〉.
(10)
Enforcing C′ symmetry in the mirror M˜xy subsector, we
also have
M˜xy|u∗(k)〉 = λ|u∗(k)〉 (11)
Then Eq. 10 can be written as
M˜xy|u(k)〉 = C′M˜xy|u∗(k)〉 (12)
Using these expressions, we can write
C′M˜xy|u∗(k)〉 = M˜xy|u(k)〉 (13)
C′M˜xy|u∗(k)〉 =
(
M˜∗xyM˜
)
M˜xy|u(k)〉 (14)
C′M˜xy|u∗(k)〉 = λ2M˜∗xy|u(k)〉 (15)
C′M˜xy|u∗(k)〉 = λ2M˜∗xyC′|u∗(k)〉 (16)
C′M˜xy = λ2M˜∗xyC′ (17)
C′M˜xy (C′)† = λ2M˜∗xy (18)
arriving at a constraint for a mirror subsector to inherit C′ sym-
metry that is the same as the constraint for a mirror subsector
to inherit particle-hole symmetry C43. This constraint is only
7satisfied for M˜−xy . Thus, in superconductors with C′ sym-
metry and M˜−xy , the C′ symmetry of the full Hamiltonian is
inherited by each M˜−xy subsector.
We can then define the mirror skyrmion number as the
skyrmion number computed over the two-dimensional Bril-
louin zone, but using only occupied states within a single mir-
ror subsector. A topological phase can then be constructed as
a system with non-trivial skyrmion number Q in one mirror
subsector, and non-trivial skyrmion number −Q in the other
subsector, in analogy to the construction of the quantum spin
Hall insulator as a system with a Chern insulator with total
Chern number C 6= 0 in one spin subsector, and a second
Chern insulator with total Chern number −C in the other spin
subsector.
We can generalize these results to three-dimensional sys-
tems: the matrix Hamiltonian of the superconducting state
then satisfies
M˜xyH(kx, ky, kz)M˜†xy = H(kx, ky,−kz), (19)
and mirror skyrmion numbers can be computed in the kx −
ky planes where kz = 0 or pi, as is done for mirror Chern
numbers43.
IV. Realization of the CTSS and HTSS in a tight-binding
model for Sr2RuO4 with spin-triplet superconductivity -
The superconducting state of Sr2RuO4 is described by a Bo-
goliubov de Gennes Hamiltonian HBdG consisting of normal
state Hamiltonian H = Hkin + Hsoc + HB and gap function
Hpair where
Hkin =
∑
ks
Ψ†k,sHkin ksΨk,s (20)
Hsoc = iλ
∑
`mn
ε`mn
∑
kss′
c†ks`cks′mσ
n
ss′ (21)
HB = −µBHz
∑
k`ss′
c†ks`cks′`σ
z
ss′ (22)
Hpair = 1
2
∑
k`ss′
∆ˆ`ss′(k)c
†
ks`c
†
−ks′`, (23)
with Ψ†k,s = ( c
†
k,s,yz, c
†
k,s,xz, c
†
k,s,xy ) and
Hkin ks =
k,yz gk 0gk k,xz 0
0 0 k,xy
 . (24)
Here, taking lattice spacing constant a = 1 throughout,
k,yz = −2t1 cos(ky)− µ (25)
k,xz = −2t1 cos(kx)− µ (26)
k,xy = −2t2 (cos(kx) + cos(ky))
− 4t3 cos(kx) cos(ky)− µ′ (27)
and gk = −4t4 sin(kx) sin(ky). ∆ˆ`(k) = i∆`d(k)·σσy , with
the d-vector d(k) assumed to be d(k) = xˆ sin(ky)− yˆ sin(kx)
as in Ueno et al.43. Other d-vectors are possible for the high-
field phase and these will be considered in future work.
In this basis, the normal state mirror operator Mxy
taking z → −z has matrix representation Mxy =
diag (−iσz,−iσz, iσz). M˜−xy , the appropriate superconduc-
tor mirror operator for the high-field phase, may then be con-
structed according to Section III of the Methods.
V. Characterization of homotopic topology in supercon-
ducting Sr2RuO4 - To compute mirror skyrmion numbers
for the Sr2RuO4 Hamiltonian, we proceed as follows: in the
basis in which the superconductor mirror operator M˜−xy is
diagonal, the model for Sr2RuO4 is block-diagonal in the
high-field phase. These blocks may be written as H˜1(k)
and H˜2(k), with corresponding basis vectors Ψ1(k) =
{c†−k,xy,↑, c†−k,xz,↓, c†−k,yz,↓, ck,xy,↑, ck,xz,↓, ck,yz,↓}t, and
Ψ2(k) = {c†−k,xy,↓, c†−k,xz,↑, c†−k,yz,↑, ck,xy,↓, ck,xz,↑, ck,yz,↑}t,
respectively, bases which naturally result from changing to
the basis in which M˜−xy is diagonal. H˜1(k) and H˜2(k) each
inherit C′ symmetry as well as C symmetry.
We can construct angular momentum operators for these
M˜−xy subsectors. First, the orbital angular momentum opera-
tor for our bases is L˜ = 〈L˜x, L˜y, L˜z〉, with
L˜i =
(−L∗i 0
0 Li
)
. (28)
and i ∈ {x, y, z}. The corresponding normal state orbital
angular momentum operator written in the basis of the t2g
orbitals xy, xz and yz 57 is L = 〈Lx,Ly,Lz〉, where
Lx =
0 −i 0i 0 0
0 0 0
 , Ly =
 0 0 i0 0 0
−i 0 0
 ,
Lz =
0 0 00 0 −i
0 i 0
 . (29)
Each M˜−xy subsector also retains a spin degree of freedom,
however, due to the xy being even underMxy and the yz and
xz orbitals being odd under Mxy . While the orbital angu-
lar momentum operators of the normal state are generators
of the Lie group SO(3), the spin angular momentum oper-
ators in the xˆ-, yˆ- and zˆ-directions of the normal state are
generalizations of the corresponding spin operators of SU(2),
constructed from linear combinations of generators of the Lie
group SU(3) 58. The basis of H˜1(2)(k) corresponds to spin
operators S˜1(2) = 〈S˜1(2),x, S˜1(2),y, S˜1(2),z〉, where
S˜1(2),i =
(−S∗1(2),i 0
0 S1(2),i
)
. (30)
Here, the corresponding normal state spin operator is S1(2) =
〈S1(2),x,S1(2),y,S1(2),z〉, where (setting fundamental con-
stants to 1),
S1,x = 1
2
0 1 11 0 1
1 1 0
 , S1,y = 1
2
0 −i −ii 0 −i
i i 0
 ,
S1,z = 1
2
2 0 00 −1 0
0 0 −1
 . (31)
8S˜2 can then be expressed in terms of S˜1 using the relations
S2,x = S1,x, S2,y = −S1,y , and S2,z = −S2,z , since the
raising operator for H˜1(k) is the lowering operator for H˜2(k)
and vice versa.
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